We present rules for determining the number of physical parameters in models with exact flavor symmetries. In such models the total number of parameters (physical and unphysical) needed to described a matrix is less than in a model without the symmetries. Several toy examples are studied in order to demonstrate the rules. The use of global symmetries in studying the minimally supersymmetric standard model (MSSM) is examined.
I. INTRODUCTION
When modeling a physical system, it is important to understand the relationship between the symmetries in the model and the number of physical parameters involved. Consider for example a hydrogen atom in a uniform magnetic field. Before turning on the magnetic field, the hydrogen atom is invariant under spatial rotations, which are described by the SO (3) group. Furthermore, there is an energy eigenvalue degeneracy of the Hamiltonian: states with different angular momenta have the same energy. This degeneracy is a consequence of the symmetry of the system. When magnetic field is added to the system, it is conventional to pick a direction for the magnetic field without a loss of generality. Usually, we define the positive z direction to be the direction of the magnetic field. Consider this choice more carefully. A generic uniform magnetic field would be described by three real numbers: the three components of the magnetic field. However, the magnetic field breaks the SO(3) symmetry of the hydrogen atom system down to an SO(2) symmetry of rotations in the plane perpendicular to the magnetic field. The one generator of the SO(2) symmetry is the only valid symmetry generator now; the remaining two SO(3) generators in the orthogonal planes are broken.
These broken symmetry generators allow us to rotate the system such that the magnetic field points in the z direction:
where O xz and O yz are rotations in the xz and yz planes respectively. The two broken generators were used to rotate away two unphysical parameters, leaving us with one physical parameter, the value of the magnetic field. That is, all measurable quantities in the system depend only on one new parameter, rather than the naïve three. In addition, the broken symmetry lifts the degeneracy of the energy eigenvalues.
The results described above are more generally applicable. Particularly, they are useful in studying the flavor physics of quantum field theories. Consider a gauge theory with matter content. This theory always has kinetic and gauge terms, which have a certain global symmetry G f on their own. However, in adding a potential, which consists of a linear combination of all renormalizable operators that respect the imposed symmetries, the global symmetry may be broken down to a smaller symmetry group. In breaking the symmetry, there is an added freedom to rotate away unphysical parameters, as when a magnetic field is added to the hydrogen atom system. In order to analyze this process, we define a few quantities. The added potential has coefficients that can be described by N general parameters in a general basis. The global symmetry H f of the entire model has fewer generators than G f and we call the difference in the number of generators N broken . Finally, the quantity that we would ultimately like to determine is the number of parameters affecting physical measurements, N phys . These numbers are related by the well-known rule [1] (for a review see, for example, Ref. [2] )
Furthermore, this rule applies separately for both real parameters (masses and mixing angles) and phases. A general, n × n complex matrix can be parametrized by n 2 real parameters and n 2 phases. Imposing restrictions like Hermiticity or unitarity reduces the number of parameters required to describe the matrix. A Hermitian matrix can be described by n(n + 1)/2 real parameters and n(n − 1)/2 phases, while a unitary matrix can be described by n(n − 1)/2 real parameters and n(n + 1)/2 phases.
The rule given by (2) can be applied to the standard model. We consider only terms involving fermions, stating results for the Higgs field when they are relevant. The Yukawa potential for the interactions in terms of the quark
and the Higgs doublet, H, is
where Y F are 3 × 3 complex matrices in a general basis. We useH = ǫH * , where ǫ is the anti-symmetric matrix in SU(2) L space.
The interactions in this sector are parametrized by three complex 3 × 3 matrices, which contain a total of 54 parameters (27 real parameters and 27 phases) in a general basis.
These parameters also break a large global symmetry of the kinetic and gauge terms in the model down to the familiar baryon number and lepton family number symmetries of the full standard model,
While U(3) 5 has 45 generators, the remaining symmetry group has only 4 and thus N broken = 41. This broken symmetry allows us to rotate away a large number of the parameters by moving to a more convenient basis. Using (2), the number of physical parameters should be given by N phys = 54 − 41 = 13.
In addition, there are the three gauge couplings, the two Higgs parameters and the strong CP phase for a total of 19 parameters in the standard model. These parameters can be split into real parameters and phases. The five unitary matrices generating the symmetry of the kinetic and gauge terms have a total of 15 real parameters and 30 phases and the symmetry is broken down to a symmetry with only four phase generators. Thus,
We interpret this result by saying that of the 12 real parameters, 9 are the fermion masses and three are the CKM matrix mixing angles. The one phase is the CP-violating phase of the CKM mixing matrix.
In studying new models, it is particularly important to properly count the number of parameters. The number of physical parameters is, in principle, the number of measurements required in order to fully determine a model. Once these measurements are made, it
should be possible to test the model with all further measurements. The standard model is so successful because all the parameters have been measured to some extent and further measurements have verified significant predictions of the model to high precision. The current parametrization appears to be sufficient to describe the quark sector at scales below 100 GeV [3] . The failure of the SM parametrization in the lepton sector have been used as indicators of new lepton flavor physics [3] .
In this paper, we extend the rule for parameter counting to theories where global symmetries are imposed on the potential terms. In particular, we consider cases where part of the flavor symmetry present in the kinetic and gauge terms is restored. In section 2, a rule for analyzing these cases is presented. Simple toy examples are discussed to highlight the use of the rule. In section 3, the rule is applied to studying global symmetry constraints in the MSSM. The results of imposing symmetries are compared to the constrained MSSM (cMSSM).
II. RULES FOR PARAMETER COUNTING
In general, we distinguish between two ways in which one could impose a global symmetry.
The symmetry can be imposed on the whole model, or only on a specific sector. Clearly, a symmetry of a specific sector is broken by higher order terms. Yet, in terms of parameter counting we care about the tree level parameters. For example, in the SM the custodial symmetry is respected only by the Higgs sector and it is broken at one loop.
In the following, we study both cases and show that the general result is the same: the total number of parameters, N total , needed to describe a model in a general basis is reduced compared to a model without such symmetries. The specific number of parameters needed in each case is different.
The most general type of terms on which we consider imposing a global symmetry has the form
where φ (1) and φ (2) have n generations each, Y is an n × n mixing matrix and . . . represents other (flavor-singlet) factors that ensure that the term is a gauge group singlet. Multiple terms of the form (7) may be present. It is therefore possible that some of the symmetries imposed could hold for some terms, but be broken explicitly by others. Furthermore, if one or more of the gauge symmetries of the model is broken, then it is possible to allow the imposed symmetries to be broken by the gauge sector.
We start by looking at a simple toy model. Consider the leptonic sector of the standard model, but with an imposed SU(2) symmetry such that two of the lepton masses are the same. Since the leptonic Yukawa matrix can be diagonalized without breaking any gauge symmetry, if the symmetry is imposed on the Yukawa sector, it will hold for the entire model.
Thus, the cases of imposing the symmetry on the model and on the Yukawa sector only are the same for this choice of matter content. The only interaction term that it is necessary to consider for now is the third term in
As we show below, the result is that the total number of parameters required to describe this term in an arbitrary basis, N total , is reduced from 18 to 15.
In an arbitrary basis, we begin to decompose the matrix Y E , first performing a polar decomposition [4] :
where R is Hermitian with positive eigenvalues and Φ is unitary. The next step is to perform a spectral decomposition on R:
where U is unitary and D = diag(m e , m e , m τ ) (recall that we choose m e = m µ ). Clearly, U can be taken to have unit determinant in general. The final step is to apply a Cartan decomposition [4] on U. The involution of choice here will allow us to break U into the product of a matrix in U(2) × U(1) and a matrix generated by the remaining generators of SU(3). At this point, to illustrate the general procedure, we explicitly perform steps outlined in the Appendix. The Cartan decomposition theorem (see the Appendix for a statement of the theorem and more details) then allows us to write
where k ∈ U(2) × U(1) and p = 7 j=4 ia j λ j /2, a j are real numbers and λ i are the Gell-Mann matrices. Note that p is described by 4 parameters, the a j . The final form of the matrix R is then
The main result following from (11) is that it only 6 parameters are required to describe the matrix R in this way. They are the two eigenvalues and the 4 a j . This is in contrast to the usual 9 for a general 3 × 3 Hermitian matrix.
The decomposition of R given by (11) demonstrates the fact that the value of N general is reduced when symmetries are imposed. In this case, the usual 18 is decreased to 15, of which 7 are real parameters and 8 are phases. As a check, the symmetry breaking pattern
Thus, there are 13 broken symmetry generators, N broken = 13. Using the fact that N general = 15 and using Eq. (2) we get
Indeed there are two flavor parameters in this model, m e and m τ .
Now consider a more general model with one term of the form in (7),
j . Without any restrictions, 2n 2 parameters would be required to describe Y in a general basis.
Whenever symmetries are imposed on such terms, this number is reduced. The degeneracies of the matrix eigenvalues ensure that one can always parametrize the matrix with fewer parameters than one would naïvely expect. As a first step in proving the general formula, consider imposing an n 1 -fold eigenvalue degeneracy on Y , with 1 < n 1 ≤ n. Since Y can be diagonalized, this is equivalent to imposing an SU(n 1 ) symmetry. Using results obtained in the Appendix, the required number of parameters is reduced by n 2 1 − 1 and thus N general = 2n 2 − n 2 1 + 1 out of which, n 2 + 1 − n 1 (n 1 + 1)/2 are real and n 2 − n 1 (n 1 − 1)/2 are phases.
With this result for an imposed SU(n 1 ) symmetry, it is possible to iteratively extend the symmetry group to SU(n 1 ) × · · · × SU(n k ). For each imposed SU(n j ), n transforming in the (anti-)fundamental of the imposed symmetry group is
In terms of real parameters, N
phys , and phases, N
phys , the result is
Some complications arise when more terms are added to the potential, particularly when one field appears in multiple potential terms. The cases of a full model symmetry and a sector symmetry cease to be the same as the interaction matrices cannot always be diagonalized concurrently with the gauge interactions. The case of a sector symmetry is trivial to extend. In this case, the symmetry must hold if the interaction matrices in the sector were diagonalized. In this diagonal basis, a certain number of eigenvalues need to be degenerate in order for the symmetry to be manifest. The case of an interaction matrix with degenerate eigenvalues was discussed above and applies also to this case. In particular, the rule (15) apply to each individual interaction matrix. For model-wide symmetries, there are correlations between the change of basis matrices allowed in different terms. We demonstrate a general procedure for determining the correlations below.
Consider a model with three fields φ (k) that have n generations each. Suppose further that the non-gauge interaction terms have the form
A typical example of a part of a model with interactions of this form is the quark-sector Yukawa interactions in the standard model. An SU(n 1 )×· · ·×SU(n k ) symmetry is imposed with all fields having their first n 1 + · · · + n k components transform in the fundamental.
Naïvely, one might expect the number of parameters to be simply twice that of the oneinteraction-term model with the same symmetry. However, there is a reduction in the number of parameters due to the fact that the change of basis matrix U in (9) must be the same for both Yukawa matrices in order for the symmetry to hold in some basis. Of the physical parameters subtracted off in (15), j (n j − 1) were real eigenvalues that are now degenerate and j n j (n j − 1)/2 real parameters and phases were parameters in U. Thus, since n of the phases of U always multiply out independent of the symmetry, the U matrix has the same number of real parameters and phases
Thus, we count twice the number of parameters as in the one term case, then subtract off the number of parameters in each repeated U matrix. Using this counting, we find that the total number of parameters required is
If the symmetry is only required to hold in the Yukawa sector, but may be broken by the weak interactions, then there really are twice as many parameters in this case as in the case with one interaction term. That is
Finally, if we demand only that the first term has such a symmetry, but allow the symmetry to be broken by the other term, then only Y (2) is restricted. In a general basis, we subtract off the parameters of U that are unnecessary for that matrix
Any other model can be handled by accounting for the appropriate relation among the U matrices, described in one of the cases (18), (19) or (20).
III. PARAMETER COUNTING IN THE MSSM
Even with imposed R-parity, the MSSM has 124 parameters, which is much more than the 19 of the standard model [5, 6] . In order to make any specific, quantitative predictions using the model, it is necessary to make some assumptions about the flavor structure of the model.
One of the most popular models that does so is the constrained MSSM (cMSSM), which has only 4 new parameters and one undetermined sign. The cMSSM involves a number of arbitrary assumptions about the parameters that appear in the low-energy Lagrangian. A different approach is to start imposing symmetries on the interactions at some UV scale, which we can then run down to the scales being studied. In order to see how this approach works and how the rules derived in section II help us in studying the MSSM, we consider a toy version of the MSSM.
The toy model has only two generations of quarks, no leptons and exact R-parity. The superpotential for quark multiplets is
where Y Q ij are 2 × 2 complex matrices. See for example [6] for the choice of conventions for representations under the MSSM gauge group. The SUSY-breaking potential for the squarks is given by 
The full U(2) 3 flavor symmetry is broken by the interaction terms
Using (2), we then find that
The non-supersymmetric model with the same gauge and matter content has only 5 real parameters in the quark sector.
As in the non-supersymmetric case, there are a number of ways to impose a symmetry.
Obviously, we could require the symmetry to hold through all sectors of the model. However, the symmetry could also be imposed on the SUSY-breaking sector and broken by the SUSY sectors. It could be imposed on the two potentials, but broken by weak interactions. Finally, it could be imposed on the up quarks only, but broken by the down quarks or vice versa.
Consider the various ways of imposing a U(1) symmetry on the lighter generation of quarks. This symmetry will automatically guarantee a second U(1) for the heavy quarks.
The least restrictive ways to impose the symmetry are to demand either that it hold only for the up quarks or only in the soft SUSY-breaking potential. It turns out that both scenarios have the same number of parameters. In the case where symmetry is imposed only on the up quark matrices, the only restriction is that all the up quark interaction matrices be simultaneously diagonalizable. If the matrices are written in the form (9), then all their U and Φ matrices must be the same up to an overall diagonal phase matrix. The down interaction matrices are not affected by this restriction. If the symmetry is imposed for both types of quarks, but only in V soft , then all the U matrices must be the same within the SUSY-breaking sector. Both cases lead to the counting:
Since the imposed symmetry is broken by other sectors, the symmetry breaking is
With (2), it is then easy to see that the number of physical parameters is given by
The number of parameters is further reduced if we demand that the symmetry hold for both potentials and for both types of quarks. Not only are the U matrices now correlated, but so are the Φ matrices. The number of parameters in a general basis is
There is no additional symmetry for the full model, and we count that 
The extra U(1) symmetry now holds on the model so part of the flavor symmetry is restored
Thus, the number of physical parameters is given by The additional generation allows an SU(2) flavor symmetry to be imposed. This type of symmetry can then be handled using the rules derived in section II. Maintaining exact R-parity, the superpotential for the fermion multiplets is given by
where Y F ij are 3 × 3 complex matrices and µ is a complex number. The SUSY-breaking potential for the fields in these multiplets is given by:
where A symmetries are necessarily broken, possibly spontaneously [7] .
gives the counting for the case when no symmetry is imposed. This is the MSSM-124 Table I . However, the methods used above are general and can be used to study other potential UV completions of the Standard Model.
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APPENDIX A: CARTAN DECOMPOSITION OF A UNITARY MATRIX
The Cartan decomposition theorem is a theorem about semisimple Lie groups that gives a decomposition for elements of the group. In all the cases that we consider, the matrix we would like to decompose is an element of the semisimple Lie group U(n). It is trivial to factor out the overall phase of such a matrix, and thus we consider below the decomposition of a matrix U ∈ SU(n) for simplicity.
The mathematical definitions and theorems can be found, for example, in [4] . The specific decomposition process is inspired by the work of [8] . In order to understand the idea of a Cartan decomposition, we need to make some definitions. Definition 1. Let g be a semisimple Lie algebra. An automorphism θ of g with square equal to the identity is called an involution. An involution is a Cartan involution if the symmetric bilinear form
is positive definite, where B is the Killing form of g.
The second definition is slightly technical, but for practical purposes, the involutions we use satisfy this condition. For more details, please see [4] . Since θ 2 = 1, θ has eigenvalues ±1 on g. Thus, we can decompose g = l⊕p, where l and p are the eigenspaces of θ corresponding to eigenvalues +1 and −1 respectively. This is the Cartan decomposition on a Lie algebra level. It is trivial to see by applying the involution that [l, l] = l; that is, the commutator of any two Lie algebra elements with eigenvalue 1 under θ has eigenvalue 1. This result means that the eigenspace l is actually a Lie subalgebra. Extending this to the Lie group level is non-trivial and the theorem is due to Cartan. Theorem 1. Let G be a semisimple Lie group with Lie algebra g. Let θ be a Cartan involution on g. Let g = l ⊕ p be the eigenspace decomposition for θ. Finally, let K be the subgroup of G with Lie algebra l. Then 1. there exists a Lie group automorphism Θ of G with differential θ and with Θ 2 = 1,
The first consequence can be interpreted as saying that for group elements infinitesimally different from the identity, the relation Θ(g) = 1 + iǫθ(g) + O(ǫ 2 ) holds. For any group element, this can be extended to Θ(g) = exp(iθ(g)). The third consequence is the main result that we need in order to perform the decomposition. Effectively, it allows us to factor an element g ∈ G into a product of an element k ∈ K and another element of SU(n) given by exp(ip) for p ∈ p by using the fact that the map defined in condition 3 is a diffeomorphism and that g = k ⊕ p. Now, consider the group G = SU(n). Suppose we want to factor an element g ∈ G into a product of an element k which is block diagonal with the first n 1 × n 1 block an element of SU(n 1 ) for n 1 < n and another element p ∈ SU(n) whose generators are all different from those of k. Along similar lines to [8] , we choose an involution
This involution is in fact a Cartan involution. Furthermore, its eigenspace with eigenvalue +1 is all special unitary matrices that are block diagonal with blocks of size n 1 ×n 1 and (n−n 1 )× (n − n 1 ). This subalgebra is generated by matrices whose upper-left block are generators of SU(n 1 ) and remaining entries are zero, whose lower-right block are generators of SU(n−n 1 ) and remaining entries zero, or which are diagonal phase matrices with determinant 1. The orthogonal eigenspace is generated by the generators whose entries are all off the diagonal block. By the Cartan decomposition theorem, we can then write any SU(n) matrix in the
where U k is a matrix in U(n k ) with det U n 1 det U n−n 1 = 1 and where p is in the Lie algebra of SU(n) and is generated by matrices whose diagonal blocks are zero.
Note that this process can be iterated: we can then decompose U n−n 1 in a similar way.
Ultimately, the matrix U can be written in the form
where n 1 + n 2 + · · ·+ n k+1 = n, det(U(n 1 )U(n 2 ) . . . U(n k )) = 1, and p is a linear combination of generators whose entries are all off the diagonal block. The condition on the determinants can be removed by allowing U ∈ U(n) rather than SU(n).
The essential result for this work is that a Hermitian matrix with degenerate eigenvalues can be written in terms of fewer parameters than if no degeneracy were present. Let R be a Hermitian matrix that has k degenerate eigenvalues, with the first one, r n 1 , being n 1 -fold degenerate, the second one, r n 2 , being n 2 -fold degenerate, and so on. By spectral decomposition, the matrix can be written as
where D is diagonal. The matrices U are unitary since R is Hermitian. Now, decompose U using (A4). The decomposition yields R = exp(−ip)U † DU exp(ip) = exp(−ip)D exp(ip),
such that
where D n k+1 is diagonal matrix and P n k+1 is a diagonal matrix of (different) phases. In order to count the number of parameters necessary to describe this matrix, we can count the number of parameters in U before performing the reduction of (A6) and subtract off the number of parameters removed by decomposing. U is an n × n unitary matrix, which naïvely has n(n−1)/2 real parameters and n(n+1)/2 phases. By decomposition, we removed j n j (n j − 1)/2 real parameters and j n j (n j + 1)/2 + n − j n j phases. In the counting of the phases, the first sum comes from adding up the parameters in the unitary matrices U n j and the second two terms come from adding up the phases in P n k+1 . Furthermore, the number of real parameters in D is n − j (n j − 1). Thus, the number of real parameters in R is 
